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RADC TRINIDAD TEST SITE 
QUARTERLY TECHNICAL NOTE 

VOLUME IV 
A STUDY OF IONOS]     AND LUNAR CHARACTERISE 

RADAR TECHNIQUES 

INTRODUCTION 

A  GENERAL 

Lrst raaio reflections from the moon, using conventional radar 

techniques, were recorded at a frequency of 111 J megacycles at moonrise 8 

moonset by the U S Army Signal Cc      A more con an of the 

Signal - Ler tc obtain the 

required sensitivity, a receiver bandwidth of about 5C cps, transmitter pulse 

length of C 25 second ana a transmitter peak power of three kilowatts were used. 

The experimental results returned echo amplitude was often times 

less than the the      Lly computed one and, on occasions, could not be 

detected  In addition, the signal ampli.1 '   ons 

having pe attributed tc anomalous Ionospheric 

refraction 

approxima* e Signal Corps observations, Bay- 

also repor' .ade with the moon at a frequency of 

120 megacy:.-     These measui a power reflection coefficient, for 

the moon:s surface, of I 

Kerr, -gins of Australia performed the moon reflection 

experiment at 21 5 megac      lui  g m  onrise and moonset, mainly to study the 

characteristics of 1< ■. through the ionosphere  Their records 

indicated a ra -ate which also was attributed to 

ionospheric refraction phenomena.      rapid amplit . naving 

periods of a few se:        explained by assuming that the moon s surface 

consisted of many rand .e motion, brought about by the moon 

libration.  This phenomen«   together        evidence that the received pulse 

was stretched length of the (on- I•ansmitted 

pulse, Bh< as a "rough" i Freq *ency 



The first successful transmissions at UHF using the moon as a relay 

station were accomplished by Sulzer, Montgomery and Gerkt..  CW radio signals at 

a frequency of Ul8 megacycles were relayed from Cedar Rapids, Iowa to Sterling, 

Virginia.  It was found that the signal was subject to severe fading, its 

amplitude varying from the receiver noise level to occasion)    ks as high as 

10 db aoove the noise. 

7 
Measurements of radar-lunar echoes by Evans at 120 megacycles, by 

8 9 
Trexler at 198 megacycles and by Yaplee, Bruton, Craig and Roman^ at 2860 

megacycles revealed that radar reflection takes place within a small area at the 

center of the moon's surface, the radius of which is approximately one-third the 

radius of the moon.  These results confirmed that the moon appeared to be a 

quasi-smooth reflector at radio wave frequencies. 

The characteristics of lunar echoes such as libration fading of the order 

of two to three cps and pulse lengthening to approximately one lunar radius have 

recently been noted by investigators operating in the UOO to UUo-mc frequency 

range.  '    The latter phenomenon indicated the possibility that the rear 

portion of the moon behaved as a rough scatterer 

The employment of radar techniques to reflect signals off the moon's 

surface for studing the characteristics of the ionosphere by means of the 
12 13 lk 

Faraday effect was first reported by Browne  and Evans.  '    Their equipment 

consisted of a 10-kw peak power transmitter, operating with a 30-millisecond 

pulse length and a pulse repetition frequency of 0 6 pulses per second, and an 

antenna whose size was approximately 250 square meters.  The degree of rapid 

echo amplitude fading was found to be due to the moon's libration and was a 

function of the position of the moon in its orbit. By comparing the slow signal 

amplitude fading on two close spaced frequencies, 120 0 megacycles ±0.6 per 

cent, which was due to the rotation of the plane of polarization by the 
13 lU ionosphere, Evans  '   was able to deduce the ionospheric electron content during 

periods when the moon crossed the meridian at Manchester, England. 

Bauer and Daniels  performed similar measurements at a frequency of 

151-11 megacycles employing a bistatic radar system operating between Belmar, 

New Jersey and Urbana, Illinois  The absolute values of the total electron 



content were evaluated from these measurements 

1 r 
The lunar observations of Hill and Dyce  at Menlo Park, California on 

106.1 megacycles, however, did rot permit an accurate determination of tl 

electron content because of the ambiguity in resolving the number of polarization 

rotations of the wave 

B  STATEMENT OF PROBLEM 

The analytical results of the radar-lunar measurements conducted at the 

U-S Air Force Trinidad Test I "  N, 6l 6° W) during the period 

between January and July i960 are herein reported.  The objectives of the 

experimental program were to determine  !ly the diurnal and also seasonal 

variation of the electron content in the ionosphere (2) the reflectivity 

characteristics of the mc .i's surra: 

Transmissions were made at a frequency of approximately V25 megacycles 

utilizing linear (horizontal; polarization while the reflected lunar signals 

were simultaneously received on 1    the transmitted and orthogonal polarizations, 

The moon was automatically tracked from moonrise to moonset on two of 

the experimental measurements whi I       observed on four 

other occasions  The date of observa' the partial lunar orbits 

corresponded to the time when the moon was at its maximum southern declination. 

The remaining five observations were conducted during the time when the moon 

was at its maximum northern de 



II.  THE DETERMINATION OF THE ELECTRON CONTENT IN THE IONOSPHERE 

A.  INTRODUCTION 

Prior to the advent of rockets, space vehicles and high-powered radars, 

the determination of the characteristics of the ionosphere such as the distribution 

of electron density with height and the electron content was accomplished by vertical 
17 

incidence pulse sounders and radio star methods.   With the availability of these 

new techniques, the state of knowledge of the structure and composition of the 

ionosphere has been greatly enhunced. 

Electron density profiles above the maximum ionization of the F-layer are 
18, 19, 20, readily obtainable from radio wave transmissions emanating from rockets 

* 25, 2 
its  ' 
2?, 28, 29 

21 22 2.~\    2k 25 26 
' and satellites  ' '  from r-f probe-satellite measurements  '   and by 

means of incoherent scattering of radio waves by free electrons. 

30,31 
Radio signals from satellites undergoing doppler frequency changes, 

^3 and Faraday rotation effects""       " can be analyzed to yield the electron content 

in the ionosphere.  In addition, the ionospheric electron content can also be deduced 
13 lk  15 

from radar reflections from the moon which display Faraday rotation fades.    ' 
16, 33 

In this section, the theory of analysis of radar-lunar amplitude data for 

determining the electron content in the intervening medium is briefly discussed. 

B.  FARADAY ROTATION 

When a linearly polarized electromagnetic wave is propagated through an 

ionized medium immersed in a magnetic field, the plane of polarization undergoes a 

rotation.  This phenomenon commonly referred to as the Faraday effect is known to 

take place for radio waves traversing the ionosphere. 

It can be shown (see Appendix A) that the amount of rotation experienced 

by a linearly polarized wave traversing a two-way path in the ionosphere can be 

represented by the function 

h h2 
0 --: k'1233 \  10   /  f(h) H cos 9 N dh (1) 

fo 
i 



where 0 is  the rotation in radians,  f    is  the  transmission frequency in cps,  H is 

the magnetic field intensity in gauss,  N is the electron density in electrons per 

cubic centimeter,  dh is the height differential in centimeters,  and 0  is the pro- 

pagation angle,   i.e.,  the angle between the direction of the earth's magnetic  lines 

of force and the direction of electromagnetic propagation. 

The function,  f(h),  which is basically the  secant of the  angle between 

the ray path and the  zenith,  is given by 

r    + h 
f(h).  2 m (2) 

L 

2 2 (r    + h)    -  (r    Cos E) o o 

172 

where r is the radius of the earth and E is the elevation angle of the antenna 

beam. 

Equation (l) is representative of the quasi-longitudinal mode of propagation. 

For frequencies in the 425-mc range, this relationship is valid for 0° < 0 < 89° • 

It should be noted that, for transmissions to the moon, the total angular 

rotation, 0, is ambigous in that 

0 ■ nit + A0 (3 ) 

vhere n is a positive integer.  The parameter, A0, is the acute polarization angle 

normally indicated in a radar-lunar measurement and is defined by 

1 r A 

A0 =  Tan"1 i -£ (1+) 

- T? J 

where A and A are the amplitudes of the signals received en the orthogonal and 

transmitted polarization channels, respectively. 

One method for resolving the ambiguity of the complete number of polar- 

ization rotations is to employ two closely spaced frequencies. From the lunar- 

echo amplitude fading patterns recorded at the two frequencies it is possible to 

infer the electron content in the ionosphere.  This technique was employed by 
13, 1U 

Evans. 



Since only one frequency was available in the Trinidad radar-lunar 

experiment, it was necessary to consider various methods for resolving the 

ambiguity problem.  It was shown in a preliminary anaJysis of the experimental 

data that it was possible, by a process of elimination, to arrive at a somewhat 
33 reasonable solution to the polarization ambiguousness    This was based on the 

correlation of the ionospheric electron content, deduced from the radar-lunar 

amplitude data, with the electron content up to the F-layer maximum derived from 

vertical incidence ionospheric soundings. 

The analysis of the data presented in this study has been modified to 
33 some extent from the earlier published results. '  That is, instead of 

indirectly arriving at a solution to the ambiguity problem by a process of 

plimination, theoretical estimates are made of the expected angular rotation 

along various earth-moon paths.  These data, in turn, are compared with the 

experimental observations.  The measured angluar rotation as defined  by Equation 

(3) which best correlates with the theoretical calculation is then selected for 

the parameter to be used in evaluating the electron content along the ray path. 

For all lunar orbits traversing paths north of Trinidad, i.e., moonrise 

occurring at an azimuth angle less than 90 degrees and moonset at an azimuth 

angle greater than 270 degrees, the electron density profiles evaluated from 

vertical incidence ionospheric sweep frequency soundings recorded at the 

National Bureau of Standards1 Puerto Rico station were employed in the computation 

of the theoretical Faraday rotation.  The electron densities deduced from the 

National Bureau of Standards ionospheric sounder station, Bogota, Colombia, were 

used in the analysis of the lunar southerly orbital path, i.e , moonrise occuring 

at an azimuth angle greater than 90 degrees and moonset at an azimuth angle less 

than 270 degrees.  The loci of points of the lunar orbits, as projected on the 

earth's surface from 100-km and 500-km altitudes, are illustrated in pigure 1. 

The virtual height versus frequency records of the Puerto Rico ionospheric 

sounder were converted into true height versus electron density profiles by 
3^ 

means of the Budden matrix technique  , the coefficients of the matrix being 

furnished by E.R. Schmerling of the Ionosphere Research Laborabory, the 

Pennsylvania State University.  The ionosonde data recorded at Bogota were 
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reduced to true height-electron density profiles by J.W. Wright of the Central 

Radio Propagation Laboratory, National Bureau of Standards. 

Since sweep frequency sounders are capable of only yielding the 

characteristics of the ionosphere up to the height of maximum ionization of the 

F-layer, it was necessary to postulate a model above this region for the Faraday 

calculations. As a first approximation, it was assumed that, above the F-layer 

maximum, the distribution of electron density with height (under equilibrium conditions 

followed a Chapman model expressed by the function 

„  1/2  1 -Z - e" 
N = N e ' 

TTl •— 

(5) 

where N is the electron density at the level of maximum ionization and Z is the 
m 

normalized height. 

The normalized height is given by 

h - h 
Z =  S  (6) 

H' 

where h is the height of maximum ionization.  The scale height, H', which is the 

height of the homogeneous atmosphere at a given temperature, is defined by 

H' =   KT (7) 

where K is Bcltzmann's constant (I.38 x 10 ' erg/degree Kelvin); T, the 
-23 

temperature in degrees Kelvin; m, the mean molecular mass of air (4.8 x 10   gm); 
o 

and g, the gravitational constant (98O.2 cm/sec ). 

It should be noted that the scale height associated with the Chapman 

expression, Equation (5), is that of the neutral particles.  In this study, a 

constant scale height of 80 kilometers was assumed for all the electron density 

distributions above the F region. 

According to Equation (l), the magnitude of the angular rotation 

encountered by a linear pol£.rized wave transmitted through the ionsophere is 

proportional to H Cos 9 where H is the magnetic field intensity and 0 is the 

propagation angle. 



35 It can be shown  that 

6  ■ Cos-1 Cos e Sin I - Sin e Cos I Cos ( 7 - D) (3) 

where I and D are the magnetic inclination and declination angles, respectively. 

These parameters specify the direction of the total magnetic intensity vector in 

space. 

The angle, 7, is the geographic azimuth bearing of the observer's 

location measured with respect to the subionospheric point, i.e., the location 

on the earth's surface directly underneath the particular point in space.  The 

angle, e, is  simply given by 

e = Sin T-T^  Cos E (9) 
o J 

where h is the height of the point in space abovs the earth's surface; r and E 

are previously defined in Equation (2). 

The calculations of H and 9,  as reported in the preliminary results of 

the Trinidad data"", were based on the assumption that the earth's magnetic field 

may be approximated by a centered magnetic dipole having a geomagnetic pole at 

78.6° N and 70.1° tf. 

The technique employed in evaluating H and 9 in this report is as 

follows:  the parameters, H, I and D have been scaled in 2.5-degree and 5.0-degree 

latitude and longitude steps over the whole earth's surface from isomagnetic maps 

issued by the U.S. Kavy Hydrographie Office and the Canadian Department of Mines 

ana Technical Surveys.  The ground-observed magnetic data, scaled from these maps, 

are stored in matrix form in an IBM-7090 digital computer.  Linear interpolation 

is used for obtaining the values of the magnetic field elements at other 

geographic locations. 

When traversing a path in the ionosphere, the angles I and D at the 

subionospheric point are assumed to be invariant at all heights. The magnetic 

field intensity at the point in space, on the other hand, is derived from the 

surface value which is assumed to decrease inversely as the cube of the distance 



from the earth's center. 

It is believ> aethod for determining H and 0 is far more 

accurate than I    -tamed by assuming a dipole model for the earth's magnetic 

field.  The evaluation of the magnetic field elements based on spherical 
37 

harmonic expansion     is another method which could be employed. However, 

utilization of such a sophisticated technique is believed not warranted in the 

Faraday rotation problem. 

C  ELECTRON CONTENT DETERMINATION BY RADAR-LUNAR TECHNIQUE 

Once the ami;     of the total number of rotations defined by Equation 

(3) is resolved, it is then readily possible to determine the total electron 

content in the ionosphere. 

For tranr-     s to the moon, Equation (1) can be modified to the form. 

h. 7.: 
2 

k r    p
m 

— /   a cos e N dh (10) 

f(h) H Cos 6 dh 
n " a 
m  m 

where h    is  the height of  the F-layer maximum and 
m =  

f(n) H Cos 0 

m 

is the average value of the function, f('i)H Cos 0, between the limits of the 

height of the F-layer maximum and the distance to the moon.  As a first 

approximation, it is valid to assume that 

f(h) H Cos 0 

m 

v^i f(h) H Cos 0 
1000 km 

m 

10 



since the contribution of the integrated electron density to the angular rotation 
38 

of the wave is considered to be negligible above a height of 100G km. 

The value of f(h) H Cos 0 as viewed from Trinidad is plotted as a 

function of height in Figure 2 for various azimuth-elevation orientations of the 

northern and southern lunar orbits.  It is evident that, at low angles of 

elevation, the function can vary over quite a wide range.  As the elevation angle 

iecreased, there is a noticeable reduction in the spread of its value as a 

function of height. 

Because of the extreme variation in magnitude at low elevation angles, 

it is necessary to retain f(h)H Cos 0 within the integral up to the F-layer 

:Lmum height. Above this height, the function can be approximated by an 

average value      between the F-layer maximum and the 1000 km height limits. 

■jove the F-layer maximum can be expressed in terms 

of the electron content below the F-layer maximum by the constant K where 

ih = K / :: ih (12) 

h o 
m 

39 22 
According to IJisbet "     '. 3bet and Bowhill , a description of 

the ionosphere in terms of the constant K is not ideal since the electron 

content below the F-lu     ;imum, determined from ionograms may be in error due 

to an underestimation of 20 to Uo km of the true height of the F-layer maximum. 

The existence of this error which is prevalent during the night was disclosed 

from rocket measurements.  The daytime otservations of electron density profiles 

by Ilisbet were in good agreement with those obtained from the true - height 

scaling of ionograms. 

40 
In concurrence with Evars and Taylor , the use of the ratio K will be 

maintained in this study because of the lack of a substitute parameter to 

describe the variations of electron content in the ionosphere. 

31 
Ross  has proposed that the simplest parameter that can be readily 

determined for describing electron content measurements is the equivalent slab 

11 
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thic ■      , T, ßivcn by 

T II - /  N dh + /  II dh (13) 

o 
m 

Layex'.  The first integral is 

the eli b below the peal: of the F-layer evaluated from vertical 

inciden« second is the electron content deduced from 

Faraday rotation .       nts (Equation (10)). It should be noted that T is 

essentially the equivalent slab thickness of the F-layer. 

has she     *., It   the electron density distribution in the 

Integrated electron content can then 

(1U) 

This relationship can be used to calculate the scale height, H', from tlr j 

experimental dav 

It is seen from Equations (13) and (ih)  that, for an assumed Chapman 

distribution of electrons, the equivalent slab thickness is simply related to the 

seal constant factor of ^-133- 

13 



I 11  THE CHA1 '*" RADIO WAVES PEFLECIED FROM THE MOON 

A  ENTRODUCTIOH 

The cl        •ics of the moon ^s a radar target are determined almost 

entirely by the surface structure of the moon  Although large scale 

irre mountains and valleys are known to exist from optical 

ng dimensions of the order of 

radio waves from its surface. 

ighness, the relative velocity of the moon with 

resp> ration are also important factors which 

contribute to tl :s of the resultant echo.  The results of such 

effects are c ons in pulse amplitude fading, pulse broadening, and 

doppler frequency sh. 

• ion, reflection laws governing the scattering of radiation 

from various surfaces as determined by optical means are applied to radio signals 

reflected by the moon  The probability distribution of the amplitude of radar- 

ar echoes i^d the doppler I due to the moon's libration are also 

briefly discussed 

B. 

tne radar equation, the power returned from a target, which 

ven by, for a monostatic system, 

>2 X2 o 
  (15) 

3 

insmitted peak power; G,   the gain of the 

tenna relative tc  in lsotro] ■;  R,   the radar-target  range;  X,   the 

on wavelength;   and, rget  cross  sectional area. 

an  idealized spherii        I   'get whose  dimensions are  large compared 

■   wavelength and whose surface is  smooth and perfectly reflecting,  its 

•• "Cted area given by 

(16) 
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where r is the radius of the sphere. 

When the target is not a totally reflecting body, the cross section is 

modified to 

cs =- n  r2 p (17) 

where p is the power reflection coefficient of the surface. 

It IG evident from the Fresnel diffraction theory that the amplitude of 

a spherical wave returned from a smooth body is equal to one-half that due to 

the first Fresnel zone acting alone.  This applies to an aperture with an infinite 
l/2 

number of zones.  Since the first Fresnel zone has a radius of ( R x/2) ' , in 

the case of the moon (if it were a smooth body), only a small portion of the 

moon's surface would contribute to the received reflected energy.  The first 

Fresnel zone occupies a portion of the moon nearest to the observer so that a 

pulse reflected from the moon would not be extended by reflections from the rear 

portions of the moon.  In general, it can be stated that a pulsed electromagnetic 

wave incident on a smooth sphere is reflected without any distortion, i.e., pulse 

width of the reflected wave is identical to that of the incident wave. 

With regard to a spherical target whose surface is comparatively rough, 

the equivalent echoing area, a  ,   is given by 

2 
aT -  n r p q (18) 

where q is the directivity of the target.  The magnitude of the directivity 

factor is dependent upon the scattering law applicable to the rough surface. 

Although the radiation is scattered in all directions, there is a greater 

increase in the amount of energy scattered back in the echoing direction for a 

rough sphere than for a smooth sphere of :he same geometric size. 

The two scattering laws considered in this report are the Lambert and 

the Lommel-Seeliger lav. 

15 



The Lambert law, which applies to the scattering from a diffuse 

surface having irregularities on the order of a wavelength, states that the 

scattered energy in any direction is proportional to the cosine of the angle 

between the incident ray and the normal to the surface and to the cosine of the 

angle between the scattered ray and the normal. 

In applying the Lambert law to the scattering from a rough sphere, it 

is shown in Appendix B that, for an incident pulse of finite length, the received 

reflected power at any instant of time is merely the sum of all the energy 

contributions from a finite band around the sphere.  The received power, assuming 

reflection back in the direction of the radiating source, can be represented by 

the function 

8 P+G  x a 
 t  s 

(hn)3  R4 

u 

Sin 0 Cos 0 do (19) 

where 0 is the angle measured from the radial line passing through the point of 

tangency containing the incident wave front and the sphere.  The limits of 

integration are, for the condition t > T 

-f- ( t-T) 
(20) 

and 

9    =  Cos 

ct 

(21) 

where T is the pulse width and t is the travel time of the leading edge of the 

pulse along the moon's surface measured from the point of tangency.  When 

T>t, 6,-0 while 0  remains unchanged. 

It is evident from Equations (15) and (19) that, for a pulse width 

greater than 11.6 milliseconds, i.e., time required to travel a distance of twice 

the radius of the moon, the signal power received from a rough-surfaced moon, 

obeying Lambert's law, would be 8/3 times greater than that from a smooth moon. 
k2 
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;cribcd in Equation (10), for the 

taking place from a rough 

■ with wavelength.  The 

he same.  Thus, when 

surface, the received power is only 

• • .«een the incident ray and the normal 

■ 

-wer can then be expressed by 

n 
F^ / dö (22) 

Ö 

eater than 11.6 

a moon, approximating Lommel- 

ring from a rough surface on the 

'ions of i ribute to the total 

o length, i.e., the pulse 

es the wave to travel from the nearest 

surface. Since the radio-depth 

incident on a rough 

milliseconds, after reflection. 

AL DISTRIBUTION OF THE AMPLITUDE OF LUNAR ECHOES 

:andom Fa 

of  raci r,es reflected from the moon's 

in which is  defined as the 

•self changes with time.     There 

•,ude;   this 

: e moon  is  tilted about 

17 



6.5 degrees  to the p volution.    Thus,  from a fixed position on the 

..   amoun's of the moon's northern Hemisphere and southern hemisphere 

,ihle;   (2) is  is due  to the  fact  thai  the 

period of rota- .   the moon is  con out  the  speed along the orbit varies 

in accordance with Kepler's  second  law for planets;   (3) diurnal  libration;   this 

the  result of    the  rotation A       be  earth rotates,   the position 

the moo:. an observer on the  earth is  continually changing. 

ration  on the reflected signal  can be 

moon'- ice consists  of a random number  of 

■ . ie of  the  reflected pulse,  as observed on the  earth's 

• int  of  * nals reflected from each of  the scattering 

ts.     Sin:e   the moon  undergoes  a rent   rocking motion,or  libration, 

i from various  parts  of  its  surface are continuously 

hase  and amplitude which,   in turn,   produce 

aal. 

scatter incident  radiation with random 

phases .lity of occurrence  of any resultant  signal is 

therefore g robability distribution law.     The concept of  the 

Lon  is  main- »d that the number of  scattering 

are .east  on the  order of 10 or greater. 

.an amplitude between R and (R + dR) 

en bv 

P(B -    -^— e • (23) 
- 

tude of  the re ttered signal at  any instant of time 

ana   . first or  second moments  of R by 

' -' 2 (2*0 
or 

2     * 2* (25) 
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It can be readily shown that t can also be expressed by 

Rm - (*)
1/2 (26) 

where R is the most probable value of R, i.e., the value of R when P(R) is a 

maximum. 

It should be noted that the distribution of the amplitude of random 
^3 

noise emerging from a bandpass filter, as discussed by Rice  , follows the 

Rayleigh law. 

2.  Random Fading Contaminated with a Steady Signal 

The condition in which a steady signal is superimposed on a signal 

which is the resultant of elementary contributions originating from random 

scattering areas is of considerable interest since it approximates a possible 

situation prevailing in the lunar reflection of radio waves. 

The steady signal corresponds to a specularly reflected wave coming 

from the first Fresnel zone or from a relatively small number of smooth surface 

areas in the region of the first Fresnel zone.  The random signal is caused by the 

iibration or by random surface irregularities.  If the number of smooth 

surface areas becomes very large, it is possible for the signals reflected by 

these areas to undergo cancellation and reinforcement.  Thus, instead of specular 

reflection taking place, a random type noise could result. 

The probability density distribution function that describes the 

envelope of re coltant signal can be written as, according to Rice's theory 
^3 of random noise  , 

„2 „2 
V B PCV). -J-e    2v   E0( -UL-) (27) 

where B is the amplitude of the steady signal; V, the envelope of the resultant 

amplitude comprised of the steady signal (B) and the random signal (R); \|r, 

constant defined by Equations (2M, (25), or (26). 

The parameter,  I (VB/ty ), is the modified Bessel function of the first 
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kind of zero order, given by 
oo 

T f  VB > - V    1     -  VB x 2n , fl, 

n=0 

During B = b-y/^",  it follows that, when b=0, Equation (27) 

simplifies to the Rayleigh distribution law. 

When b>3, the Bessel function can be replaced by its asymptotic 

expression 

bV  v    , Vy   .1/2     b V 
VljT J     2tt b V ; 

and then Equation (27) simplifies to 

'o<7T> -'TSV^1" .^™ (29) 

nV/      VSMT     
l~£^ e 2i (30) 

- 1/2 
It is evident that, apart from the term (v/b ■, \jf)  , this distribution is 

Gaussian with a standard deviation ot-/f.     When b is equal to or larger than two, 

the presence of a steady signal is indicated. 

When applying Equation (27) to experimental data, it is necessary to 

obtain the value of if.     If the data to be analyzed is in amplitude form, 

containing both eteady and random signals, then according to Equation (2k), 

ty  may be approximated by 

*« ~-   v 2 (31) 

It follows from Fquation (25) that if the data is in the form of 

cross section, a,  or power, 

V   2 (32) 

It should be mentioned that the validity of the approximations for 

fining ij/ from experimental data, Equations (31) and (32), is improved for 

20 
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b < 2. 

In applying the theory of random noise to the study of the 

characteristics of the lunar surface, it would appear that, if the moon were 

completely smooth, b would be on the order of three or greater and if it were a 

rough body, b would most likely be zero.  Assuming that the moon contained both 

rough and smooth regions, it could be expected that b would lie between zero and 

three. However, it should be mentioned that, for this particular situation, it 

would be difficult to determine the extent of the actual smooth and rough areas. 

Specular reflection can contribute to the resultant signal when the 

surface normal is in the direction of the observation site; such areas are most 

likely contained on a cap of the moon closer:1: to the earth.  The specular 

returns can be highly perturbed either b;     h scattering areas located in the 

near vicinity of smooth regions or by the presence of a large number of isolated 

smooth surfaces. 

Another factor which must be considered in the analysis of lunar 

amplitude data is the time interval over which the probability distribution is 

applied.  Since the lunar libration affects the reflected signal amplitude, the 

time over which any statistical analysis is applied should be small compared to 

•the time variation of the libration rate. 

In short, an evaluation of the probability density distribution of 

lunar echo amplitudes may not result in a true indication of the surface 

characteristics of the moon. Other factors such as pulse lengthening and the 

characteristics of the amplitude decay of the lengthened pulse should be examined 

concurrently. 

D. DOPPLER EFFECTS OF LUNAR ECHOES 

Radio waves reflected from the moon are found to exhibit both a 

doppler shift and a doppler spread in the transmission frequency. 

The doppler shift is brought about by the fact that the orbit of the moon 

around the earth is elliptical.  Thus, there is a component of the moon's orbital 

velocity directed toward the center of the earth.  Since the earth is also 
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rotating, there is an additional velocity component along the earth-moon 

line-of-sight, its magnitude being a function of the latitude of the observation 

site and the moon's position on the celestial sphere.  The resultant of these two 

velocity components produces the frequency shift in the reflected echo. 

For a monostatic system, the doppler shift imposed on a radar signal 

reflected from the moon's surface is given by 

.        2 R f (      y 
fd — (33) 

where f is the difference between the apparent reflected frequency and the 

transmitted frequency, f; R, the time rate of change of the distance between the 

observation site and the surface of the moon; c, the free space velcoity. 

hk 
According to Fricker , the relative velocity, R, can be expressed by 

Do (Do - roCos <r) -Do rQ ^ (Cos*) 

R = (3M 
D 

where, as shown in Figure 3; 

D = 
o 

D + r  - c r D Cos ty 
o   o      o o 

1/2 

(35) 

and D is the distance from the center of the earth to the center of the moon: D, 
o ' 

the distance from the observation site to the moon's center: r , the radius of 
o 

the earth; and y,  the angle between the line connecting the earth-moon centers 

and the radial line from the earth center to the observation site. 

The terms in Equations(jMand(35 )can be computed from the following 

relationships: 

r 
D = 
o   Sin II 

D = - D Cot n 
o     0 

(36) 

d n 

dt 
(37) 
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dt 
( Cos \|r) = Cos 6 Sin 0-Sin 6 Cos 0 Cos (LHA) 

d 

d5 
dt 

Cos 0 Cos 6 Sin (LHA) 
dt 

(LHA) 

4 ÖÄ)---fe (M) 

(38) 

(39) 

where II is the horizontal parallax angle of the moon; 5, the declination of the 

moon; LHA, the local hour angle of the moon; RA, the right ascension of the 

moon; 0, the latitude of observation site; and u, the angular velocity of the 

earth.  The moon's celestial coordinates and the horizontal parallax are 

tabulated in the Nautical Almanac. 

The libration of the moon causes a variation of range-rate in the radial 

distances from the observation site to points on the moon's surface.  The 

differences in the velocity components from the various parts of the moon's 

surface give rise to a doppler spread in the reflected signal frequency.  In 

addition, doppler spreading also results due to the movement of the observation 

site toward the center of the lunar disk.  The total spread is the resultant 

of both these effects. 

kk The total  doppler spread,  A f  ,   as  derived by Fricker    ,   can be 

given in terms of the function 

Afd = 
2 f K r 11 L^TB Sin v  -I     Cos  v ™rrvr TL 

2    2' 
f K    r    R 

(1*0) 

where r is the radius of the moon '4ß' the total effective libration rate 

in latitude;,^, the total effective libration rate in longitude; v, the angle 

between a location on the perimeter of the moon and the moon's equator; and K, 

the fractional radius of the moon, i.e., K = a/r as illustrated in Figure 3- 
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The first term in this expression applies to the doppler spread due 

to the moon's libration while the second is that due to the motion of the 

observer.  In general, the latter term can be neglected for libration rates 
-7 

greater than 10  radians per second. 

When the motion of the observer is not taken into account, the maximum 

doppler spread occurs at an angle,  v , where 

v = Tan 
o 

™ " (la) 
^TL    J {      } 

The expressions defining the parameters,  v, /-„,□ and X , are not 
-L-D Xi-i 

presented in this report because of their complexity.  Computational procedures 

for evaluating the terms are contained in Reference hk. 

With regard to the effect of libration on lunar echoes, if the moon 

were a perfectly  smooth body, the libration would produce a slight doppler 

spread within a Fresnei zone, its magnitude being directly proportional to the 

fractional radius, K, cr dimensions of the zone and varying as a function of the 

angle, v.  Since the first few Fresnei zones, where K is very small, contribute 

to most of the energy of the reflected signal, the doppler spread would be 

expected  -° be insignificant.  The amplitude of the echo would have a slight 

modulation with a bandwidth determined by the doppler spread over the contributing 

Fresnei zones. 

For a moon consisting of smooth regions (such as the first few Fresnei 

zones) and rough scattering areas (such as mountains), it may be possible, by 

means of the libration effects, to reveal the existence of the scatterers.  Since 

the lunar libration introduces a doppler spread and amplitude fluctuation in the 

reflected signal, the magnitude of the frequency components in the doppler spread 

or the dominant frequencies in the power density spectrum can be used to 

determine the fractional radius of the moon which best fits the experimental data. 

This parameter, in turn, can then be compared with photographs of the lunar face 

for correlation with known mountain ranges. 

The feasibility of mapping the surface of the moon by means of doppler 

shift-power spectrum measurements has been demonstrated by Pettengill. 
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IV. EXPERIMENTAL MEASUREMENTS 

The experimental observations discussed in this report were conducted at 

Trinidad, WIF between January ani July i960 with a high-powered pulsed radar 

operating at a frequency of ^25 megacycles, Linear (horizontal) polarization was 

employed on transmission while the reflected radar signals were simultaneously 

received on both the transmitted and the orthogonal (vertical) polarization. 

Automatic tracking of the moon was accomplished by means of an orbit 

programmer which continuously positioned, in three-minute intervals, an Qk-foot 

diameter steerable antenna so as to fellow tne theoretical path of the moon. 

The theoretical geometric orientation of the moon, as viewed from Trinidad, 

for moonrise commencing on 12 January I960 is shown in Figure k.     The method for 

determining the azimuth, elevation and time cocrdinates of a celestial body for 

tracking purposes is discussed in Appendix C 

The radar data pertaining to the lunar echo return were recorded in digital 

i'orm on magnetic tape in order to facilitate data processing and analysis.  In 

addition, photographic recordings were made of the various combinations of the 

amplitude, range and time coordinates schematically illustrated in Figure 5- 

A tracing of a typical A-scope photograph of a radar-lunar echo recorded at 

Trinidad is shown in Figure 6.  The upper trace is the horizontally polarized 

signal while the lower is the vertical  It is noted that the pulse return is 

stretched out to approximately 12 milliseconds in length and that the echo shapes 

of both polarizations are comparatively aliise  The maximum radar cross section of 

126.3 db above one square meter is obtained on horizontal polarization.  This 

value compares reasonably well with the geometric projected lunar disk area of 

129-8 db above one square meter (radius of moon = 17^0 km)  Assuming a smooth 

moon with a power reflection coefficient of 0-15) the theoretical echoing area 

should be on the order of 121 6 db above one square meter 

A lunar echo showing pulse distortion and also pulse lengthening is contained 

in Figure 7- For this particular example, the signal amplitude is only about llU 

db above one square meter- 

26 



o 
o o 

ID 

(S33«93a) 3H9NV  HlflhlZ» 

° ° o 

/ 
/T 

/ 

i 
i 
i 
i 
I 
1 
/ 

X 

D 

/ 

/ 
2 
fsl 

< \ v 
/ 

_ — ~-~' 

/ 

s 

/ 

/ 
/ 

i 

1 
1 1 
1 
1 

c 
1- ( 

1 

1 
u 

J 

J 

\ 
\ 

\ 

o 
M 
a-' 

» 

T 
in 

(S33«030)31DNV  N0I1VA3T3 

•H 
d 

•H 

E 
S o u 

a; 
> 

•H 
> 

o 
•H 
-P 
(0 3 

■H 
rH 
O 

£ 
a C 
v 
+3 

o 

I s 
•H 

9 
aJ 

a o 
o 

+3 

o 

27 



RI5I5 

TIME - 

PUISE   REPET ITION 

FREOUENC Y 

AMPLITUDE 

T¥. RANGE-TIME 

Figure  5>     Spatial Coordinates  of Lunar Echoes 

28 



z 
o ...   ,_ 
< 
N 
or 
< 
o 
Q. 

_l t 
Z 
o 
rsi 
a: 
O 
I 

1    1   1    1 

■■ I 

— 

.  z . 

1 

o 

M 
or < 
_l 
o 

— < 
o 
1- 
or 
tu > 

1 1      1 

;: 

1 1     1      1      1 1    1   1    1 1 1      1 

\: 

1 M      1      1 

1 
( 

\ 

) 

__S.—- 

^ 

r 

c 
0                K» OJ o CVJ   —                       l< T         — 00 |T) r-  

o 
UJ 
in 

IN 

ID        _ 

llJ 
> 

LU 

en 

ID 

ro 

U3 <ß ro Ö g 5 CO ;C C\j CTi tf) — 
 O O O 

o 
CD 
iß 
0) 

a 

-p 

3 
►J 

0 
w 

bO 
C 
•H 

g 
X! 
CO 

u . . 

CM 3 
-p 
a! 

& 

T3 

•s 
O 
CJ 
(1) « 
o 
o 
w 
cd 
c 3 

a5 
Ü 

0) 

8313W 3dVnOS 3N0 3A08V qp 

29 



z 
g 
< 

< 
_i 

z 
o 
M 
a: 
O x 

z 
o 
»- 
< 
M 
Q- 
< 
_l 

2 
< o 
F 
or 
UJ 
> 

fncvJ Q (VJ — 

n 

> 

CD ih r-. — 
to oj & if> — — oo o 

If) 

UJ 

<T> 

U) 

to 

c 
o 
•H 

o 
-p 
CO 

0) 
to 

C 
•H 
> 
o 
to 

o LTN 
UJ C\J 
CD -3- 
5 4-> '—' CO 
LÜ 
> i 

•H 
UJ C 

•H 

u o 
o 
CD 
K 

o 
w 

a) 

4 
o 
•H 

y3i3w 3uvnos 3NO 3A08V qp 
(O 
01 

30 
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A selected sample of an amplit       I lm« film record of moon echoes 

displaying Faraday rotation is Illustrated in Figure 8  It is noted that the 

reflected signal is predominantly oriented in the vertical polarization receiver 

channel during the period     horizontal polarization was employed on transmis- 

sion 

An amplitude vs. time fading        .ustrating the presence of lunar 

libraticn is shown in Figur     [1 is seen that the envelope of the back portions 

of the pulse returns ext.     ^ much higher fading rate man the front portion. 

It is interesting to note-that tl  fad  g patterns cf the main echo pulse (the 

large signal amplitud        i on both polarizations are identical,  The 

significance of this is that tne pol^      n of the incident pulses on reflection 

from the front part of the moon n implies that this region of 

the moon s surface appears reasonably smooth at a I '+25 megacycles. 

Depolarization of a signai * Lon from a rough surface.  It 

would follow that the amplitude fading patterns observe! on orthogonal polariza- 

tions would be somewhat different 

A typical range vs graph cf lunar e    ..-evealmg pulse lengthening, 

is shown in Figure 10  PI sted by the reduction of the echo 

intensity in the back portion ge scale is mainly due to the moon's 

libration 

The schedule cf the radar-lunaj    rvations performed at Trinidad is 

presented in Table 1  The totaj time of e >cperimentai measurements was, kk-^/k 

hours, of which less than 1C per cent (the March i960 data; *rere conducted when 

the moon was at its maximum southern de<-filiation  The remaining observations 

were made during the time <*\ -'9~  at its maximum northern declination. 
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V. DATA ANALYSIS 

A.  CHARACTERISTICS OF THE IONOSPHERIC MEDIUM 

1. Preliminary Analysis 

In the initial, planning of this experiment involving the moon, in 

studying, by means of radar techniques, the diurnal variation of the electron 

content in the Ionosphere, it was revealed that, when the moon was at its 

rriaximum northern declination, its orbit, as viewed from Trinidad, intersected 

regions in the ionosphere where the direction of the magnetic field lines was 

perpendicular to the direction of propagation    Since only one frequency was 

available for the experiment, it was believed that:  (l) for the condition of 

perpendicularity with the magnetic field lines, the angular rotation of the plane 

of polarization of a linearly polarized wave (due to the Faraday effect) would be 

negligible for transmissions on an earth-moon path; (2) it would be quite feasible 

to resolve the ambiguity of the complete number of rotations of the plane of 

polarization by simply counting the max.jna and minima of the polarization angle 

of the resultant signal. 

The preliminary analysis of the experimental data indicated that, for 

transmissions through the entire ionosphere, the condition of completely trans- 

verse propagation is maintained in only a very small region in space. The 

Faraday rotation, even when the condition of perpendicularity of the propagation 

direction with the earth's magnetic field is satisfied, can still be appreciable. 

The determination of the electron content in the ionosphere was, 

therefore, accomplished from the lunar-echo polarization data by an indirect 
33 method.   All possible solutions to the problem were considered and, by a 

process of elimination, based on the comparison of the estimated electron content 

with the electron content below the F-layer maximum deduced from ionospheric 

soundings at Puerto Rico, a reasonable solution was obtained, 

33 The magnetic  field strength and orientation employed in that  analysis 

were calculated on the assumption that the earth's magnetic field could be ap- 

proximated by a magnetic  dipole located at the center of the earth and having  a 

geomagnetic pole at 78 6° N and 70.1°W 
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A re-evaluation of the preliminary work resulted in a more direct 

method for solving the ambiguity in the polarization angle,   i e., by the 

comparison of the estimated theoretical angular rotation with the experimental 

measurements       In addition,   the magnetic  dipole model for the earth's magnetic 

field was  replaced by the surface values 

The lunar orbit  of the moon and the contours of perpendicularity with 

the earth's magnetic  field as viewed frDm Trinidad are presented in Figure 11. 

It  is seen that the magnetic field orientations based on the dipole model and 

surface data are slightly different       The  latter is  considered to be the more 

accurate representation. 

2      Total Electron Content 

The  average acute angular  rotation  of the  signals  reflected from the 

moon during  the observation of 12 January I960  is presented by the 0 =    £0      and 

the A curve of Figure 12      Because of the  inability of an antenna-receiver 

system to determine the true orientation of the incident radiation,   it is neces- 

sary to examine the other possible values   ot the polarization angle defined by 

Equation  (3)  and also plotted  in Figure 12 

The intersection of any two '"   0 "  curves such as the 0 = £0        and 

the    0 =  «   - A 0      curves  at l800 E3T always occurs when the polarization of the 

received signal passes through either  a 90-degree or  a O-degree angular rotation. 

It should be noted that an intersection could result either from a phase reversal 

or from a continuing monotonic phase  change      For example,   there are two possible 

paths which each of  the   0 curves  could follow;   the 0 =   A0      curve could have 

continued along the B path  instead of  the A path 

The theoretical estimate of the magnitude of the ionospheric Faraday 

rotation that could have occurred  at the various azimuth-elevation orientations 

of the lunar orbit  is  also  showr.   in Figur0  12      These calculations are based on 

the true height-electron density profiles  deduced from the vertical incidence 

ionospheric  soundings  taken at 15-minute intervals  at Puerto Rico.     Above the F- 

layer maximum,   the  electron density distribution is  assumed to follow a Chapman 

model,   as defined by Equation  (5)>  having  a constant  scale height of 80 kilometers 
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for the neutral particles 

It is quite evident that the theoretical calculations correlate to a 

high degree with the experimental data represented by the 0 ■ n - £0 and the 

A curves. Thus, these two curves are chosen as the most likely correct solution 

to the ambiguity problem.  It is of interest to note that a similar conclusion 

was arrived at in the early analysis of the radar-lunar data. 

The electron content in a o.ie-square centimeter vertical column 

through the ionosphere is depicted in Figure 13  The experimental plot is derived 

from Equation (10) in conjunction with the values of 0   specified by the 

0    _ jt -A0   and the A curves.  It is seen that, in the late afternoon, the 

total electron content determined from the integration of the combined electron 

density profile (from ionospheric soundings) and a Chapman distribution is 

slightly higher than the experimental measurements, while in the early evening 

the reverse takes place.  This would imply that, for this particular day, the 

scale height during the daytime should be less than 80 kilometers and that, during 

the evening, the ionosphere could perhaps be represented by a Chapman model with 

a constant scale height in excess of 80 kilometers. 

The average Faraday rotation observed on 8 February i960 is shown in 

Figure lU.  It is seen that the acute polarization angle reaches a minimum at 

1700 EST which would infer that the polarization of the received lunar echo at 

that time was the same as the transmitted polarization. 

An examination of the theoretical angular rotation with the experi- 

mental measurements reveals that the 0 ■-■■  « - £0      and the A curves best cor- 

relate with the theoretical data. 

A plot of the total electron content derived from the radar-lunar 

obsexvations and from the Puerto Rico ionosonde data is given in Figure 15-  It 

is evident that, as in the case of the 12 January results, a constant scale 

height of 80 kilometers above the F-layer maximum, assuming a Chapman model, is 

too low for the evening. The daytime data, on the other hand, are reasonably well 

correlated. 

The average angular rotation measured on 19 March i960 when the moon 
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traversed a southerly orbit, with respect to Trinidad, is shown in Figure l6. 

The theoretical computations are based on vertical incidence ionospheric soundings 

recorded at Bogota, Colombia and an assumed electron density distribution of the 

Chapman form with a scale height of 80 kilometers above the F-layer maximum. 

The conversion of the Bogota virtual height versus frequency records into true 

height versus electron density was performed by the National Bureau of Standards. 

The dashed lines between 05^5 and 06^5 hours indicate missing experi- 

mental data.  Based on the theoretical calculations, the measured angular rota- 

tion is assumed to have a value of 90 degrees at approximately 06l5 hours-  It is 

quite evident therefore, that the actual Faraday rotation encountered in the 

ionosphere can be described by the 0   = A 0 , B and C curves. 

The variation of the total electron content deduced from an assumed 

angular rotation given by the 0 = A 0 , B and C' curves is contained in Figure 

17-  The experimental measurement of the total electron content is found to be 

higher than that theoretically predicted for a part of the orbit 

The measured acute polarization angle for the k  April i960 lunar 

observation remained between approximately 2^ and ^8  degrees, as illustrated in 

Figure l8  It would appear from the theoretical rotational data that the correct 

solution to the ambiguity problem is most likely the 0 = jr - A 0 curve. 

In order to check the validity of this assumption, the electron 

content obtained from the various values of 0 are plotted in Figure 19, together 

with the theoretical estimate.  Both the 0   = r: *■   A 0  and 0=2«  - A0 

curves would indicate that the total ionospheric electron content was increasing 

during the time the electron content bel.ow the height of the F-layer maximum was 

commencing to decrease  This wouii require that the electron production above 

the F-layer maximum was continuing at a greater rate than the electron loss below 

the F-layer maximum.  The mechanism governing this physical process is difficult 

to visualize. 

The total electron content defined by the 0 = X - A 0  curve, on 

the other hand, closely resembles the variation of the integrated electron density 

below the F-layer maximum.  It would appear from the theoretical data that the 
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scale height for the region above the peatc of the F-layer should be somewhat less 

than the Ü0 km value employed in the calculation 

The angular rotation data for the complete lunar orbit of 26 May i960 

is contained in Figure 20-  It is quite obvious that the most acceptable diurnal 

variation of the polarization angle is given by the 0 =  it - A 0  , B and A' 

curves. There is also excellent agreement between the experimental and theoreti- 

cal total electron contents as shown in Figure 21 

The polarization data acquired during the whole lunar orbit of 20 

July i960, are given in Figure 22  It Ls seer ' r,a1 f he 0= A 0  , B and B' 

curves best fit the. theoretical calculations 

An examination of Figure 23 reveals that, during the nighttime, the 

experimentally determined electron content is greater than the theoretical esti- 

mates.  As noted previously, this would infer a scale height in excess of 80 

kilometers for the region above the F-layer maximum. 

A composite of all the total electron contents in a one-square centi- 

meter vertical column through the ionosphere inferred from the lunar observations 

is depicted in Figure 2k.     There is evidence of a diurnal variation with the 

maximum ionization content appearing in the vicinity of mid-afternoon.  The value 
IP P 

of 7 x 10  electrons/cm in the early hours of the morning for the southerly 

lunar orbit of 19 March I960 is a factor of about one-third times lower than the 
in 

magnitude deduced for the northerly orbits.  According to Wright , based on his 

study of electron density profiles in the F-layer along the 75°W geographic 

meridian, the electron density should meximize at about 5"N geographic latitude 

which is the region south of Trinidad.  Insufficient radar-lunar data recorded 

during the time when the moon's coordine.te was at the maximum southerly declina- 

tion prevent a full analysis of this     spancy 

From the excellent agreement found between the electron content 

determined from radar-lunar observations and that predicted on the basis of a 

simple Chapman model for the region above the F-layer maximum, it appears that 

the ionosphere may be represented, to a first approximation, by a Chapman model 

having a constant scale height of (50 kilometers or less for the daylight hours 

and perhaps 00 kilometers or more for the nighttime  Wright has suggested that a 

^9 
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» 

scale height gradient of about 0 2 km/km for the region above the peak of the 

F-layer may be more representative of an ionospheric model than one with a 
Us 

constant scale height.   Rocket sounding measurement of electron densities, 
20 

as reported by Berning  , has disclosed a linear scale height gradient of 0.22 

km/km for the neutral gas. 

3• Ratio of the Electron Content Above the F-Layer Maximum to That Below 

The diurnal variation of the ratio of the integrated electron density 

above the peak of the F-layer to that below, based on all the radar-lunar mea- 

surements recorded at Trinidad, is summarized in Figure 25  It is seen that the 

ratio, K, as defined by Equation (12), is a variable function of time, attaining 

a minimum of about 1.5 (average value) at approximately 1300 to lUoO hours local 

time.  At night there is a wide scatter <ji   values ranging between four and 11. 

It is estimated that these results could have an rms error as high as 15 per cent. 

15 The ratios of the electron content as measured by Bauer and Daniels 

compare rather favorably with the data presented in this paper  They found the 

ratio to be on the order of four to five during three nights in June before sun- 

rise and about equal to three after sunrise  In addition, for two days in 

November, the ratio was about three both before and after sunrise. 

UO 
Evans and Taylor  have reported that, for the months of January and 

February I960, the daytime ratio, as determined in England, appears to be about 

three while the nighttime ratios were_in the range„between-2 5 and 10.  Their 

daytime results are slightly higher than those obtained at Trinidad, but this 

perhaps may be attributed to the difference in geographic latitude of the obser- 
Ih kO 

vation sites.  Evan's early results  are in agreement with his recent work. 

16 
The measurements of Hill and Dyce  indicate that the ratio of the 

electron content above to below the F-layer maximum during the night is on the 

order of 1-5 and during the day about 2-5-  It is obvious that the nighttime 

result is considerably lower than the Trinidad data-  This discrepancy coulri be 

brought about by their assumption that the function, f(h) H Cos 0, can be 

considered a constant in the evaluation of the electron content integral. 

k.    Equivalent Slab Thickness and Scale Height of the Ionosphere 
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A parameter presently employed to describe the ionospheric medium is 

the equivalent Blab thickness, T, defined by Equation (13)* which is merely the 

ratio of the total integrated electron content in the ionosphere to the maximum 

electron density at the peak of the F-layer. 

A plot of the diurnal variation of the maximum electron density of the 

F-layer, recorded at Puerto Rico and Bogota, Colombia, during the time of the 

Trinidad lunar observations, is given in Figure 26.  The Puerto Rico data corresponds 

to the times when the moon was at its maximum northern declination, while the 

Bogota data applies to the moon's southerly orbit of 19 March i960. 

A comparison of the total electron content evaluated from the Faraday 

rotation data, shown in Figure 2k,  with the maximum electron density (from vertical 

incidence ionospheric soundings) Figure 26, reveals that both parameters attain 

a maximum value in the afternoon. 

It is evident from Figure 27 that there is a noticeable diurnal influ- 

ence on the magnitude of the equivalent slab thickness of the ionosphere (or F- 

layer). 

The e .uivalent slab thickness is a minimum between 200 and 370 kilo- 

meters during the daytime and attains a value as high as 800 kilometers at night. 

i+6 
The analysis of satellite doppler radio signals by Ross and Anderson 

indicates a slight diurnal influence on the parameter, T•  The noon values of T, 

however, do shew a pronounced seasonal variation which can be fitted by a sinusoidal 

function of mean value 290 kilometers at the equinoxes and of amplitude 100 kilo- 
31 1+6 

meters which maximizes near the summer solstice.  ' 

With regard to the presence of seasonal variations in the equivalent 

slab thickness of the Trinidad results, insufficient data are available to determine 

this effect. 

Assuming that the electron densities in the ionosphere at the time of 

the Trinidad radar-lunar measurements were distributed in accordance with the 

Chapman model, the scale height can then be readily computed from Equation (1*0 • 

The daytime values of scale height vary between 50 and 90 kilometers with a mean 

of about 75 kilometers, as shown in Figure 27- At night, there is a wide scatter 
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of values ranging from 50 to £00 kilometers. 

It should be noted that the Trinidad daytime evaluations of the scale 

height of the neutral particles are in cicse agreement with Kallmann's estimate 

from rocket and satellite data 

5•  Data Correlation 

An attempt was made to determine whether there was any correlation 

between the calculated ionosphere s par«     ., i e , the total electron content, 

the electron density ratios, the equivalent slab      ess and the scale height, 

and the solar and geopnysical conditioi   il   ting during the time of the experi- 

mental measurements 

The various solar and geophysical data, which were considered and are 

tabulated in Table 2, were obtained from the bulletins published by the National 

Bureau of Standards 

The geomagnetic planetary index, k,, is a mean three-hourly magnetic 

reading based on an arbitrary scale of zero tc nine where zero refers to a very 

quiet day and nine to an extremely disturbed day  The relative sunspot number is 

an index of the activity of the entire visible disk  It is defined as 

R = K (lOg + s) where g is the number of sunspot groups, s is the total number of 

distinct spots and K is a scale factor usually less than unity, its value being 

dependent upon the observer  The solar flux at 2800 megacycles is the daily 

value measured at noon in Ottawa, Canada. 

Because of the lack of sufficient experimental data, this analysis 

did not disclose evidence of any correlation 

B.  CHARACTERISTICS OF THE LUNAR SURFACE 

1  Lunar Reflection Laws 

The supposition that the moon is a rough body at radar frequencies 

has led tc the speculation of various scattering laws and functions to describe 

the manner in which radio waves woald scatter from tl    n s surface  A method 

of investigating an applicable scattering law is to characterize the decay rate 

of the trailing edge of a lunar echo. 
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I:, ordei tc reduce the    ' of biu>; i tern fluctuations in the 

envelope of a lunar echo 130 A-scope photographs, consisting of 65 different 

pulse returns received on the two orthogonal polarizations were averaged to obtain 

a representative sample for analysis purposes  The resultant lunar echo, shown in 

Figure 28, was obtained by dividing earn ptn.se into C 25-mil!1 second intervals. 

At each interval along the pulse, an average amplitude was calculated from the L30 

different data points 

It it seen that the trailing edg»; of the pulse can be described in 

terms of the trigonometric function, A Cot |B (8 +• C)J * D, where the constants 

A ■ 2.5, B - tl/35,   C =-30 and D - -1 6  The variable 0  is the angle of incidence 

with respect to the normal to the surface of the moon  The relationship expressing 

9 in terms of the radio depth oT  the moon is contained in Append!* D. 

The power distribution of the trailing edge of the average lunar echo 

is compared with other functions in Figure 29-  The third degree polynomial, 
2     "< 

a - ß 9 -t- 7 9  + 5 9J, where a = 39-06, ß - 74.33, > = 39-09 and 6 = -3-38, also 

accurately represents the shape of the pulse.  It is obvious however that the 

♦ 

rCir. 2 8/2 öl20. 
L       '   J 

suggested by Leadabrand" does not seem to apply to this example. 

angular scattering law, A.  Sir. 2 8/2 8   . where the constant A, is equal to 1-3. 
,11 

2 
The trigonometric functions, A? Cos 9 and A Cos 9, where An « 11.2 

and A, = 13-65, also shown in Figure 28, are representative of the Lommel-Seeliger 

and the Lambert scattering lav. respectively.  When the relative echo power is 

plotted as a function of the cosine of the angle of incidence, as in Figure 30, it 

is found that the Lommel-Seeliger iaw and the Lambert law reduce to straight lines 

and that the pulse decay rate follows the slope of the Lommel-Seeliger scattering 

law displaced by approximately a factor of 1/8. 

10 
It should be mentioned that Pettengill " has reported that, following 

the decay of the initial specular component, the angular distribution of power 

in the moon echo obeyed the Lambert type law except for a small amount of 

limb brightening at the extreme ranges.  Since the Trinidad and Millstone Hill 
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investigations were conducted at approximately the same frequency, i.e., the 

transmission frequency at Millstone Hill was 4't-O megacycles compared to 425 

megacycles at Trinidad, the discrepancy in the results may be attributed to the 

fact that the lunar echo analyzed by Pettengill was a composite of 2^,000 pulses, 

integrated at each 500-microsecond range increment. 

12 
However, Browne  , on the other hand, has found that an analysis of 

lunar echo data, observed at a frequency of 120 megacycles, gives best agreement 

with the Lommel-Seeliger scattering model 

2.  Cross Section and Fefler.t-ion Coefficient cf the Moon 

In analyzing the cross sectional area of the moon and the statistical 

distribution of the amplitudes of lunar signals, as discussed in the next section, 

the magnitude of the amplitude of the received echoes was measured at a constant 

position within the pulse, i.e , at one millisecond after the beginning of the 

pulse which corresponds in range to a lunar depth of 150 kilometers. 

The cumulative probability distributions of the total cross section 

of the moon measured on 12 January i960 during two 10-minute periods are shown 

in Figure 31-  The total lunar cross section is merely the vectorial addition of 

cross sections obtained on the orthogonal polarization receiver channels.  Each 

cumulative distribution curve was calculated from over 50C0 individual data 

points.  The interval between l630-l64o EST corresponds tc the time when the 

moon was oriented at an azimuth angle of about 72.5 degrees and elevation angles 

of 4.7 -6.7  degrees, while between 2215-2225 EST it was at an azimuth angle 

varying from 29 to 15 degrees and elevation angle of about 82 degrees. 

It is seen that, for the low angle measurements, 50 per cent of the 

total cross sections were equal to or less than 8.5 x 10  square meters, while, 

at transit, the value reduced to 6 0 x 10  square meters. 

The lunar observations of 2 February i960, shown in Figure 32, reveal 

that 50 per cent of the total cross sections between 14-30-lM+0 EST were equal to 

or less than 5>0 x 10 " square meters, while, during the interval 2025-2035 EST, 

they increased to 7-5 x 10  square mete. 
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Assuming that the moon is a perfectly conducting sphere, it« radar 
12 

cross section is then the projected geometric area of the whole disk or 9-5 x 10 

square meters,  It follows from Equation (l?) and Figures 31 and 32 that, for 50 

per cent of the observations, the power reflection coefficient of the moon's 

surface appeared to lie between 0.05 and 0.085-  It is estimated that the ex- 

perimental error incurred in this analysis should be less than. 3 db. 

hk 
Measurements made by Fricker  at a frequency of 4-12 megacycles 

using a cw system, indicated a lunar power reflection coefficient of 0.07^-- Ac- 

cording to Blevis and Chapman , radar observations of the moon at h38  megacycles, 

also made with a cw system, revealed a power reflection coefficient of about 

0.05-  The uncertainty in both experimental results are reported to be less than 

3 db. 

Since the Trinidad results, obtained by pulsed radar tecnniques having 

a pulse length less than the radio-depth of the moon, are in excellent agreement 

with other experimental data taken with cw systems in the same frequency range, it 

would appear that the moon must be sufficiently smooth for Fresnel type reflec- 

tion to take place. 

It should be mentioned that values of 0.1 to 0.15 have often been 

quoted for the power reflection coefficient of the moon's surface.  The Trinidad 
kg 

measurements and those reported by Fricker   and Blevis and Chapman  would 

indicate that these values are somewhat high. 

3.  Statistical Analysis of Lunar Echo Amplitudes 

According to theory, the amplitudes of pulses reflected from an ir- 

regular surface which scatters electromagnetic waves randomly, i.e., with random 

phases and amplitudes, should be Rayleigh distributed.  For a surface which 

contains both one large smooth area and many rough scatters, the amplitude distri- 

bution should tend toward Gaussian. 

In order to test this hypothesis for determining the surface charac- 

teristics of the moon, the lunar echo amplitudes recorded in two 10-minute inter- 

vals between 1430-lUUO EST and 2025-2035 EST on tf February i960 were selected. 

It should be noted that the amplitude data from these time periods, considered 
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in this analysis, are identical with the lunar cross section data discussed in 

Figure 32. The statistical analysis was made on the total signal amplitude in 

order to reduce the effect of ionospheric Faraday rotation. 

The probability density function of the total lunar amplitude, recorded 

during raoonrise when the libration fading rate was normally low, is illustrated in 

Figure 33- '-The theoretical curves were calculated from Equation (27) with the 

parameter 'j,   defined by Equation (25)> equal to 28.0, this coristantbeing evaluated 

from the experimental data. 

The presence of a strong steady signal would be indicated by a 

probability density function which would be of the form of the b = 2 curve.  It is 

seen that the experimental points coincide, to some degree, with the theoretical 

Rayleigh distribution (b = o; for luv/ amplitude values, but commence to diverge 

for a normalized amplitude of 12 and greater.  This is clearly evident if the 

natural logarithm of the ratio of the probability density function to the 

normalized amplitude is plotted as a function of the square of the normalized 

amplitude as shown in Figure 3^-  It is noted, from Equation (23), that for this 

type of a plot, the slope of the Rayleigh distribution is l/2 \|r. 

The experimental and theoretical probability density functions of the 

total amplitude of the lunar echoes observed for 10 minutes near transit are 

shown in Figure 35- After nom        , the parameter, •]/,  for this time period 

was found to be UO.O 

It is interesting to note that the experimental data appear to tend 

toward the b = I probability density curve except for the slight displacement at 

the maximum.  It is definitely seen, from Figure 36, that the experimental points 

do not correlate with the Rayleigh distribution curve. 

A comparison of the experimental point? in Figures 33 and 35 indicate 
kh 

that, at high elevation angles where libration fading is a maximum,  the ampli- 

tude signals were observed more often having greater magnitudes than those 

detected near moonrise. This is based on the fact that the number of pulse 

returns considered in both analyses was the same. 

An amplitude record of one minute in duration (2026:20 - 2027:20 EST) 
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■I'd to determine the 

ct of e LmentaJ   distribution      In general, 

it was  fou;, . : i   : .     iributed in  a 

somewhat  simj e  10-minute sampi 

Ls reveal  evidence of the presence of a 

speculai                                      ed from surface during the time when 

the mocn u This  was  not the  case,   however,   for observations 

conduo- 

rt is jion on the  sur- 

face of the moon,   there  a; ch give rise to specular reflec- 

tion      Thu                     >uid ha a random pnase and random 

litude flu I-   would follow that 

stead-,                            r. would be norme :ted                 moon  consisted of only 

one  large  smooth                           irea,  wc be washed out or smeared 

Doprj. | . 

noon with respect to the earth, 

radio wave requency 

d during the partial lunar orbits 

of 12 J shown  in Figure   37 <     It  Is  quite 

evidenl a] itions  are  in  agreement with the theoretical 

predict. 'omnuted according to the method 

proposed b .ationships being given by Equations 

• 

The do; i maximuj *1130 cps at moonrise 

and a minimum a* ..... , re   37 

■r  freq Ft at  120 megacycles,   as  reported by 

Browne   -,  was on  the order of  ±50  cps  for observations  taxen when the hour angle 

of  the moor was  less  than   }0 minutes  of time.   Doppler  shifts as  large as  ±1000 

cps  at   +\2 m°gav- 

5      Dealer  ■' 
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Radd .  refler om the moor experience a doppler spread 

in frequency in addition to undergoing .er shift      The former phenomenon is 

dominantly the result of the moon's libration 

uk 
Fricker      has shown  that  the frequency spread at transit  is  always a 

maximum, while at moonrise,   it could nave any value depending upon the noon's 

effe ü   Libration rate in  latitude and longitude  | juation i^+0)). 

Ttw   moon n has  ths effect  of  imposing   a rapid fluctuation 

on the amplitude of  tl ;nal re'       bed from its  surface      Sample amplitude vs. 

time film  i presence of are  displayed in 

Figure  38      An examination a reveals a dominant low periodic struc- 

ture whic: he minimum libration  fading prevalent   a1   the tune of 

observation      Figurc  38c reprei lata collected later  in  the same day during 

the moon's  trans r  frequency vai a of  signal   amplitude,   evident 

in this  record,   sorrespc a time of comparatively nign libration  rates. 

The  lunar ecnoes obser/ed at   an  elevation ai if  about  'J-6  5  degrees,   Figure 

38b,   show a mixture of both  low  and 1 I rates.     It   should be ncted that 

the relative   . nee of signal am: he horizontal  and vertical 

polarizations msil   was by the change  in  the  rotation 

of the plane  of  polarize ,   i   e   ,  Faraday effect 

In an at temp*,   to determine  I 'relation with  the  "effective - 

libration rat?"   doppler,   the power spectrum for the two  lunar observations were 

obtained and compared « <:  theoretical  doppler spread 

As discussed   I     Appendix E,   the power density spectrum is the Fourier 

transform of the autocorrelation fur h is  computed from an amplitude vs 

time function Ls analy   .   . :.'^correlation function is obtained from 

the total   lunar  cros6  section which  is  proportional  to the square of the signal 

ampin. The density spectrum,   discussed in this section,   in essence 

defines  the  frequency-power  content  of  the  time variation of the total echoing 

area of the moon 

A per- Ion  of the   sample of the 8 February i960 lunar data selected 

for this  analysis  is shown ir  Figure  38a      The total  signal power for each pulse, 

i.e  ,   sum of the power received  on the two orthogonal  polarizations,   was 
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measured one rralli second aftei the • This corresponds to the 

coverage of a spherical cap on the moon wit      ! . onal radius of 0 -*0'i ( 

Appendix D) 

The autocorrelation function of the total, cress section for a one - 

minute interval at moonrise is presented in Figure 39-  The power density spec- 

trum corresponding TO this function is given in Figure 1*0.  It is seen that the 

principle frequencies are all less than one cps, i.e , 0.27, 0-53, 0.69, Q^-d 

0.9^ with the dominant frequency being 0.27 cps. 

It should be mentioned that i analysis   of the 

film record for the same period revealed frequencies of 0.23, 0.82, and 1-73 cps. 

The theoretical maximum doppler spi ;ad for this particular time was 

found to te 2 21 cps for the :     rial radius of O.<40«+.  This calculation ■■■ 

basc-i en the lunar libration rate constants presented in Table 3 and applied bo 

Equations (40) and (Ul) 

A similar analysis of the -1 A;       lunar data, also at moonrise, 

revealed the autocorrelation function and the power density spectrum given in 

Figures 41 and 42, respectively.  The principle frequencies present in the power 

density spectrum are 0.1';, 0 27, 0>     8, 1.38, 1.62, 1,77, 2.00, 2.30, 2-50, 

2 65, 3 20 and 3   -  the dominant being 0.1- 

Lon coi ited in Table 3, it can I ■ 

shown thai the theoretical maximum doppler spread for the fractional radius of 

0 kOk  was 0 66 :ps 

It is evident that, for the two lunar observations that were 

analyzed, the theoretical maximum doppler spreads exceed the dominant frequency 

of the power density spectrums deduced from the experimental data. 

At a frequency of 425 megacycles, the first Fresnel zone on the m 

has a fractional radius of approximately 0.007- This value differs from the 

fractional radius of 0.^04 employed in the calculations by a factor of 0.017« 

The experimental dominant frequency of the 8 February i960 observation, 027 ' !>•' . 

is 0 12 times smaller than the theoretical estimate of 2-21 cps  In addition, 
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the domi y of O.lU cpa pril i960, differs from the 

theor • IL appears, 

' fectiv« the amp i-on 

is st;.       in 713 kiiomet :al cap corresponding to 

a fractional radius of ' .  ■  I  »larger 1 is of the first Fresnel 

zone, 11.7 kilometers, by appi I Lm< 

shown m the photograph oi     ront portion of the moon s I 

Figure 1*3, ihe:        .   •  ■ irea in the cei       e moon, Sinus 

Medii, large enoug             •.*.   Leasl 

rounded by a number of moan rise 5000 to 8000 fei     It could be 

possible that the Llbrational motion of these peaks account for the higher fre- 

quency terms obtained in the power density spectrum. For  example the mountain 

range, Rhaeticus. wit!                is of approximately 0.08-0.09, could have 

imparted at its 1<        fading     >f about 0.8^-0.95 cps on 8 February i960. 

■resting to note thai I y due to Rhaeticus, 

compares favorably w .  . • cps. present in the power 

density spectrum of • on is based on Eq      (^0) f°r 

. - 30c. 
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VT. CONCLUSIONS 

Radar reflections from the moon afford a method for investigating the char- 

acteristics of the ionosphere. 

It is shown that the polarization ambiguity problem of radar-lunar reflec- 

tions, prevailing when only one frequency is employed on transmission, can be 

resolved by the comparison of the experimental measurements of the angular rota- 

tion (of the plane of polarization), introduced by the ionospheric Faraday ef- 

fect, with theoretical estimates 

It appears that the electron density distribution above the peak of the P- 

layer can be represented, to a first approximation, by a Chapman model with a 

constant scale height of ]esb than about 80 kilometersfor the neutral particles, 

during the daytime and more than about 80 kilometers during the nighttime.  This 

is based on the high degree of correlation between the total ionospheric electron 

content deduced from radar-lunar observations and that predicted from ionosonde 

data and the theoretical modo! 

The ratio of the integrated electron density above F-layer maximum to that 

below undergoes a diurnal variation, attaining a minimum average value of ap- 

proximately 1.5 between 1300-1400 hours local time.  At night, there is a scatter 

of values ranging fron four to 11 

Evidence is presented which indicates the presence of diurnal influence on 

the equivalent slab thickness of the ionosphere which is defined as the ratio of 

the tot a. ionospheric electron content to the electron density at F-layer 

maximum. The equivalent slab thickness is a minimum of 200 to 370 kilometers 

during the daytime, while, during the nighttime, its magnitude increases, attain- 

ing a value as high as 800 kilometers 

The scale height of the F-region deduced from the total electron content by 
Ul 

the method proposed by Wright  also reveals a diurnal influence. The daytime 

values vary between 50 and 90 kilometers with a mean of 75 kilometers while 

during the nighttime, the scatter is from 50 to 200 kilometers. 

Lack of sufficient experimental radar-lunar data has prevented a thorough 

analysis to determine the correlation of solar and geophysical phenomena with the 

87 



! 

dcita ■ 

mooj a 

■ 

•ei 
i :a - 

- 
■ em 

.nsr 
a 

rial, 

photograpl 
atIons 

icident 
■ 

■ 

- 

] 
a 

taining at 
word 

5- the 
■ 

.con 

■ 

I io-depth of 1 
■ 

ho 
&ei    scattering 

■ 

88 



VII.REFERENCES 

1. Webb, H.D., "Project Diana - Army Radar Contacts the Moon'/  Sky and 
Telescope, Vol. 5, pp. 3-6, April 1946. 

2. DeWitt J H. and Stodola, B.K , "Detection of Radio Signals Reflected 
From the Moon','  Proceedings of IRE, Vol. 37, pp. 229-242, March 19^9• 

3- Bay, Z , "Reflections of Microwaves from the Moon," Hungarian Acta 
Physica, Vol. 1, pp. 1-22, April 1946.. 

k.    Kerr, F.J , Shain, CA., and Higgins, C.S., "Moon Echoes and Penetration 
of the Ionosphere," Nature, Vol. I63, pp. 310-313, February 1949. 

5  Kerr, F J , Shain, C.A., "Moon Echoes and Transmission Through the 
Ionosphere," Proceedings of IRE, Vol. 39, pp. 230-242, March 1951. 

6. Sulzer, PG , Montgomery, G.F. and Gerks, I.H., "An UHF Moon Relay," 
Proceedings of IRE, Vol. kO,  p. 36I, March 1952- 

7. E/ans, J.V., "The Scattering of Radio Waves by the Moon," Proceedings 
of Physical Society, B., Vol. 70, p. 1105, 1957- 

8. Trexler, J.H , "Lunar Radio Echoes," Proceedings of IRE, Vol. KG,  pp. 
286-292, January 1958. 

9. Yaplee, B.S., Bruton, R.H., Craig, K.J. and Roman, N.G., "Radar Echoes 
from the Moon at a Wavelength of 10 cm," Proceedings of IRE, Vol. 46, 
pp. 293- 297 , January 1958. 

10. Pettengill, G.H., "Measurements of Lunar Reflectivity Using the Millstone 
Radar," Proceedings of IRE, Vol. k8,   pp. 933-934, May i960. 

11. Leadabrand, R.L., Dyce, R B., Fredricksen, A., Presnell, R.I. and 
Schlobohn, J C, "Evidence that the Moon is a Rough Scatterer at Radio 
Frequencies," Journal of Geophysical Research, Vol.. 65, pp. 3071-3078, 
October i960. 

12-  Browne, I.C., Evans, J.V., Hargreaves, J.K , and Murray, W.A.S., "Radio 
Echoes from the Moon," Proceedings of Physical Society, B., Vol. 69, 
pp. 9OI-92O, September 1956. 

13.  E/anSj J.H., "The Measurement of the Electron Content of the Ionosphere 
by the Lunar Radio Echo Method," Proceedings of Physical Society, B., 
Vol. 69, pp. 953-955, September 1956^ 

Ik.    E/ans, J.H., "The Electron Content of the Ionosphere," Journal of 
Atmospheric and Terrestrial Physics; Vol. 11, pp. 259-271* 1957- 

15. Bauer, S J. and Daniels, F B , "The Measurement of Ionospheric Electron 
Content by the Lunar Radio Technique," Journal of Geophysical Research, 
Vol. 64, pp. 1371-1376, October 1959- 

16. Hill,R.A. and Dyce, R.B., "Some Observations of Ionospheric Faraday 
Rotation on 106 1 mc/sec," Journal of Geophysical Research, Vol. 65, 
pp. 173-176, January i960, 

39 



Smith, FC , "Ionospheric Reiraction of 81.5 mc/sec Radio Waves from 
Radio Stars," Journal of Atmospheric and Terrestrial Physics, Vol. 2, 

PP- 350-355, 1952 

18  Jackson, J E and Seddon, J C , "Ionospheric Electron Density Measure- 
ments with Navy Aerobee-Hi Rocket," Journal of Geophysical Research,- 
Vol 63, pp. I97-2O8, March 1958 

19-  Plister, W and Ulwick, J C , "The Analysis of Rocket Experiments in 
Terms of !    on Density Distributions," Journal of Geophysical Research, 
Vol. 63, pp 315 332, June 19 

20.  Berning, W W , "A Sounding Rocket Measurement of Electron Densities to 
1500 Kilometers," Journal of Geophysical Research, pp 2589-259^, 
September L96O 

21- Nisbet, J.S and Bovhiil, S A , "Electron Densities in the F Region of 
the Ionosphere from Rocket Measurements; Part 1, Method of Analysis," 
Journal of Geophysical Reserach, Vol. 65» pp^ 36OI-3607, November i960. 

22 Msbet, J.S. and Bowhill, S.A , "Electron Densities in the F Region of 
the Ionosphere from Rocket Measurements: Par* 2, Results uf Analysis," 
Journal of Geophysical Research, Vol 65, PP 3009-361^, November i960. 

23- Garriott, 0 K , "Tne  Determination of Ionospheric Electron Content and 
Distribution from Satellite Observations; Part 1, Theory of Analysis," 
Journal of Geophysical Researcn. Vol 65, PP 1139-1150, April i960. 

2V Garriott, 0 K , "The Determination of Ionospheric Electron Content and 
Distribution from 8:    te Observations; Part 2, Results of the 
Analysis," Journal of Geophysical Research, Vol. 65, pp 1151-H5Ö, 
April I960 

25  Jackson, J E. and Kane, J.A , "Measurements of Ionospheric Electron 
Densities Using an RF Probe Technique." Journal of Geophysical Research, 
Vol. 6k,   pp. 107^-1075. August 1959 

26.  Jackson, J E- and Kane, J A , "Performance of an RF Impedance Probe in 
the Ionosphere," Journal of Geophysical Research, Vol 653 PP- 2209-2210, 
July I960. 

27- Pineo, V C , Kraft, L.G  and Briscoe, H.W., "Some Characteristics of 
Ionospheric Backscatter Observed at b-kO  mc/sec," Journal of Geophysical 
Research, Vol 65, pp 2629-2633, September i960. 

28, Bowles, K L ,        at Scattering by Free Electrons as a Technique 
for Studying the Ionosphere and Exosphere; Some Observations and 
Theoretical Considerations," Journal of Research, NBS, Vol 65, D, 
pp. 1-1*1, June-February 196l 

29- Millman, G H , "Observations of Ionospheric Faraday Rotation by Incoherent 
Backscatter Technique," paper presented at the NATO Advanced Study 
Institute on Electron Density Profiles in the Ionosphere and Exosphere, 
Skeikampen, Norway, April 196l 

90 



30.      Pos e ,   W   *   , 
Sir :   Analy 
Geophysical ] >06, Se] l ;6*Ö 

31 .     Ross ,  W .'   . at  from 
Sa' Doppler M 

32.     Yeb,   K.C     ana Se W  , 
Van atj on  De I   ■ -al 

.   ;■ 

33-     Milb is 1,     -H-, 

Vol     65, 

Budden,  K A ,   "A ' E      - ron 
De;. 
Ag ainst ] 
Physical  Seed 

35'    Millms  , ipheric 
He 1   July 

Vestinc,   E \l. ,  La] L ,  La ' Jeoi   ignetic 
1 restrla]  f-  .        Lsm, 

Carnegie ■ 

37.    Chapoiat    S.,   and .   Qxf< 
Uni. 

38      Millms   • "Al ' ^:;o Wave 
Propa.   . -.  Seri to 
R6OEMH36,   De. the  "Modern Radar 
Techniques"   course  cone 1 er- 
ing,  UhiversJ 

39-    Nis't ■    .      .J  ,     E. per Ionosphers 
From Rocket Mea^ Vol    65, 
pp.  2597-2599,  S  . 

kö.    Evans,  J v    and üa [onosphere 
in Win*-    ." .ings  of tne Royal 
3c 

Wrig] . Journal of 

k2■    Grieg,  HD S.,  and Waei lera      ns of Moon-Relay 
Commu' , "-66"i,   May 19^0- 

'13.     Rice,   SO   ,   "Ms Noise",   Bell System Technical 
jo_ pp Tb iSb,  January 
19'* 

91 



on 

f Resea I960 

'4-5.    Wrj        , J.W.,   "0 

Ross,   W 
Ses )AT0 A:   trie   I 

i 

Si an ,   Norway,   A; • 

'' A  i 
615-6;     ■ 

I ic 

I er 
BS, 

"Chara   - atory, 

51■ '3hn 

52.    Nelson, E.,  "TVe ] .rface", 
Loi - 

f the 
Moc Edj .11,  pp 

Mc i9oC 

Asial ' ' a, 

56       ' . ä of Or M   Iraw Hill 
Booh 

E ■ a", 

9? 



AI       A 

IONOSP.r     ARADAY EFFECT 

A.  INTRODUCT1 

When a linearly      -ed electromagnetic wave enters an ionized medium in 

the presence of an fxt»; such as encoun tered m the ionosi-here, 

the wave separat :ents both, in the general case, 

elliptical     arized wit] sense-- of re     .  for frequencies in the 

UHF range, the twi as the ordinary and the 

extraordinary \ inzea. 

As the ionosphere is troverr-ed, the +vc waves progress with different 

velocities of pr<     on whi 'he phase relationship between them to 

be continuous; sphere, '    ircularly polarized 

components recombme to for' Larized wave which is rotated with 

respect to the original 11 snomenon is commonly referred to as 

the Faraday effect. 

B-  THEORETICAL CONSIDERATIONS 

Since a circular] asically composed of two harmonic 

orthogonal signals v: i ise with one  another, only one 

of the linear: / From each of t arly polarized components, 

i.e., the ordinary and the waves, need be considered in analyzing 

the polarization rotational effects of the ionosphere. 

The differential f the components undergoes in an 

element of patr. length,        Lven by 

(Al) 

and 

(A-2) 

d0o - 

d0e = 

X 

e 

where the subsi I : efer to the ordinary and extraordinary modes of 

propagation, respectively, and x, and x^ are 1 

the phase veloc 

propaga- are the wavelengths associated with 
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As illustrated in Figure A-l, tne angular rotation of the plane of polarization 

of the wave, d0, as it travels tne distance, ds, is therefore 

d0 = 1/2 (d0 - d0 ) (A-3) 
o    e 

By definition, 

x  -^2i£ (A-U) 
o,e    f 

and 

Vn   = —— (A-5) Po,e  n \     - i 
o,e 

where c is the free space velocity; f, the transmission frequency; and n  , the 
o,e 

refractive indices of the medium.  It follows that Equation (A-3) can be written 

in the form 

d0 = ^- An ds (A-6) 
2c 

where w is the angular transmission frequency and An ■ n  - n . 
o   e 

This relationship defines the angular rotation of the wave for a one-way propa- 

gation path.  Thus, the total polarization shift for a two-way propagation path 

becomes 

s 

0(s) = f /  An ds (A-7) 

where  s,     and s    are  the  limits of  the  path. 
12 

In terms of a vertical height variable,   this expression is modified to 

0(h)   = £     / An  f(h)   dh (A-8) 

h. 

) 
914 



where 

•(h) - 
r + h o 

(r + hr - (r Cos E f 
L ' o   '   v o 

1/2 
(A-9) 

and r is the radius of the earth and E 1; the elevation angle of the antenna 
o 

beat:;. 

According to the magneto-ionic theory, i.e , the theory of propagation of 

electromagnetic waves through an ionized medium in the presence of an external 

magm .   Leid, th     lex index of refraction of the medium, M, is given by 
55 

M2 

2( a  + jß) - 
(7„r 

0L* jß 

(7T) 

'■a + jß ) 
H7jJ 

1/2 

(A-.IO) 

where 

a 

ß = 

... 
^ c 

UJ     ^ 

u;2 

■Mh, 

2 
j 
c 

H 

c 

H e 

-•; Ne" 

m 

bin 

(A-11) 

and where e is the electron charge [k.Q  x 10   esu): m, the electron mass 
-28 ^ 

x iu  gm); i:, electron density (electrons/cm ); v the electron angular 

collision frequency; H, the earth's magnetic field strength (gauss); and Q> the 

propagation angle, i.e.. the angle between the magnetic field vector and the 

direction of propagation.  The quantity, He/mc, is the gyromagnetic frequency of 

the electron about the earth's magnetic field while co is the critical frequency, 
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. plaMM i •    Ionized BM L: m. 

It Is noted that there are two possible values for the complex ludex of refrac- 

tion which indicate two different nodes ol propagal on. 'Ihe waves travel lndi •• > 

In the Ionized medium and each has a polarization vector associated with it.  In the 

general case, at the low frequencies, the waves are eiliptically polarized with 

opposite senses of rotation  At frequences on the order of 100 megacycles, the 

waves are circularly polarized. 

It can be shown that, under ordinary ionospheric conditions, for frequencies in 
o p p p   ofl 

the 100-mc  range,   it  is  valid to assjm** J~  > > V    and u/"  > u>^   .       Thus,   the complex 

index of refraction reduces   to a real   quan*ity  given by 

n 2    = 1 !:  (A-12) 
o e 2 / 

oxo..  '-    w„ 3in2 0\ 2    i1/2 

<- H       ,     2 H —p- ^ Sin 0  ± —r 
U) 2Cu u, 

c c c 
20)- +Cos    ej 

where the positive sign is associated with the ordinary mode of propagation while 

the negative  sign with the extraordinary mode  of propagation. 

Assuming quasi-longitudinal mode of propagation which is represented by the 

condition 

k^-K> > Sin2 9 Tan2 8 (A-13) 

"fa 

it   follows  that the  difference  In the  index of  refraction between the ordinary and 

extraordinary waves is 

3 
An m        Ne    H        Cos 6 (A-lU) 

2".    m    c f^ 

This approximation is valid at a frequency of  UOO DO gacyclei for values of 9 betwe« 

0 < 9 < 89-6: 
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According tc Equation  (A-8),   the  total two-way polarization rotation   (in 

radians) evaluates to 

0(h)  -       '^7233jLi2     f   2       f(h) H Cos 6  N  Oh (A-15) 

f2 

hl 

where the altitude limits, h and h , are in centimeter units and f in cps. 

It -Lb evicl .      for qua       udinal propagation, the magnitude of 

the angular rotation is inversely proportional tc the square of frequency and 

directly proportional to the magnetic field strength. 

The condition for quasi-transverse propagation is denoted by the inequality 

Jin2 9 Tan2 0 > > - 
2 

2~ (A-16) 

By simple manipulation, it can be shown from Equation (A-12 ) that the difference 

refractive indices for the two mod'is of propagation is, therefore, given by 

h       2 
Ne   H        p 

A n «: Sin 9 (A-3 
:  3 2 m c  f 

Referring to Equation (A-8), it follows that the two-way polarization 

rotation becomes 

10     h2 0(h) - —.p.6087 x 10  J-  f(h) H2 sine N ^ (A_l8) 
f3 hx 

It is noted that,   for  the quasi-transverse case,  the angular rotation  is 

directly proportional  to  the magnetic  field squared and inversely proportional 

to the cube  of frequency 
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APPENDIX B 

DETERMINATION OF SIGNAL POWER      iEB FROM A ROUGH SPHEPE 

Any calculation of the theoretical power reflected from a rough sphere must 

include such factors as the increment of surface contributing energy at a 

given instant of time and a scattering law describing the surface characterisl 

In order to formulate a relation ating ail the necessary 

parameters, the geometric relal      the incident pulse with respect to the 

sphere must be considered. 

A plane wave is assumed incident on the surface of the sphere with zero 

range (or time) taken at the point of tangency.  For a pulse of length, p tin 

.ess than the radius of the sphere, r, "he incremental zone, 

oA, around the sphere :ontributing to the reflected pulse at a given zone 

depth, d, is as shown in Figure B-l, defined by the angular limits 

e 

and 

Cos 

Cos 

-1 

-1 

r - Ü-, ) 
( B-i ) 

(B-2) 

Since  p  -  CT/2 and d allows, that 

Cos :.B-3) 

and 
r  - 

(B-U) 

vhe;        e free th in units of time, and t, 

ciated ..     e zone depth. 

For t < T, the contributions *o the received pulse originate within ( 

tea bounded by 9-0 and 9 defined by Equation (B-k) 
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RI5II LEADING EDGE 
OF PULSE 

0 -  PULSE WIDTH  (UNITS OF DISTANCE) 

d --   ZONE  DEPTH 

r s  RADIUS OF SPHERE 

dA s  INCREMENTAL AREA 

Figure B-l.  Geometry of a Pulse Incident on a Rough Sphere 
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The method for determining the magnitude of the signal reflected from a 

rough sphere, as described bclcw, is similar to that developed by C 

and .,'uer. 

Tf P is the power per unit area incident on an incremencai area, dA, of a 
o 

rough surface, then the effective Incident power, P   , is 

PT -~ P Cos 6  dA (B-5 I 

where 0 is the angle between the normal to the surface and the direction of 

The incident wave.  The angle, 0n , in Figure B-l corresponds to 9 in this 

expression. 

If the surface is not perfectly reflecting, the reflected power, P , is given 

hy 

P„ =    o P Cos 9  dA (B- 
h       O 

where p is ehe power reflection coefficient of the surface. 

It is convenient to define PN as the power per unit solid angle reflected 

normal to the area dA  For Lambert scattering, the power radiated m any 

direction is proportional to the cosine of the angle between the scattered ray 

and the normal to the surface.  Thus, the power scattered per unit solid angle 

is simply P Co? y  where > is any angle measured from the normal to dA. 

by 

The unit soljd angle d.3 enclosed by dA, as shown in Figure B-2, is given 

cdn-  M— (B-7) 
r 

It can be readily shewn from spherical geometry that 

dA ■ 2* r   3::. ;    ij (B-8) 
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r : RADIUS  OF SPHERE 

Figure B-2.  Scattering fror, a Diffuse Surface 
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wer intercepted for reflected) by the upper 

hen.'    ■ of Figure B- 

«/2 

P„ « 2n. PM /     Sir      y    dy (B-9) 

o 

or sun 

PD (B-10) 
r      u 

ed by Equation (B-6)  t is evid' 

p p co^e 
p a  2>  fB-ll) 

Taking into account Lami. s] Law    ence again,   it follows  that the power 

pei ;.ered back m the  direction of    G,   i e  ,   incident 

direction    beccmu 

p P    Cos" 0 dA , 
P     .      M    o  fB-12) 
F6  - 

P is 1 ewer and G is the gain of the transmitting antenna 

relative to an isotropic antenna, then 

P0= ~T2- (B-13) 

where R is t; transmitting source to the sphere. 

A 
Pr = P0  ( 1 ) (B-14) 

R 

where A    13 the c mtenna area deemed by 
e 2 

A ■■--  (B-15) 
Iffl 

where G  is the gain of rhe receiving antenna and .\ is the transmitted wavelength. 
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Since the element of area, dA, can be expressed in terms of the angle 8 

(assuming 01   = 0 in Figure (B-i) ) 

dA = 2« r Sin 9  d0 

on substituting Equations (B-12), (B-13), (B-15), and (B-l6) in E 

it is seen that the total received power for a monostatic system can be expressed 

by the integral 

s 
3m 0  Cos 0 10 

where  a    is  the echoing area of  a smooth reflecting body defm 

2 
a    - n r    p s 

It is noted that the terms in the parenthesis of Equations (li- 

the general radar equation, i.e., the power intercepted I 

reflects radiation isotropica] 

On integrating between the limits» 0j_ = 0 and 0 = Jt/2, it is found that 

the total pow-3r received from a rough sphere, scattering in accordance w 

Lambert's law, is 8/3 times greater than that fron a smooth body 

With regard to a rough surface obeying the Loramel-Seeliger scattering Lav, 

the power scattered per unit solid angle, P , is independent of thi     tering 

angle, y,   i.e., the angle between the scattered ray and the normal to the 

surface.  Thus, the total power intercept?d by the upper hemisphere, show in 

Figure B-2, becomes 

n/2 
r 

Pr> . 2it P„,  /   Sin 7 dy 19 ) 

or 

o 

PR = 2n  PN 



It can be readily shown that the power received from a rough sphere 

evaluates to 

2 2 9 
/ P. GT  A a. \       o 2 

P_ . —)    It /   Sin 6 Cos 6 a0 (B-21) 
4 

Integration between the limits 0 ■ 0 and 0^ ■ it/2 reveals that the power 

I t.ered from a Lommel-Seeliger type spherical surface is twice that of a 

smooth sphere 

The theoretical shape of pulses reflected from a rough moon are depicted in 

Figure B-3-  The relative power scale has been normalized with respect to the 

Lommel-Seeliger law  It is seen that, for short pulse lengths, more energy 

is scattered back from the limb of the moon for the Lommel-Seellger scattering 

case than for Lambert, scattering  On thiy paj ticular plot, a smooth moon would, 

reflect a constant relative power of 0.5> irrespective of pulse width. 
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APPENDIX C 

ORBIT OF A CELESTIAL BODY 

The relationship of the celestial coordinate system with the geographic 

coordinate system is illustrated in Figures C-l and C-2.  The declination. D, 

of a point on the celestial sphere is analogous to geographic latitude since it 

is the angular displacement from the equatorial plane measured positive 

northward.  The right ascension, PA, which corresponds to geographic longitude 

is the angular position about the celestial pole  It is measured positive east 

from the meridian containing the Vernal Equinox for the First Point of Aries) 

which is the intersection of the plane of the ecliptic, i.e., the plane of the 

sun's orbit about t^e earth, with the celestial equator.  The Greenwich Hour 

Angle of Aries, GHA , is the angular distance measured positive westward along 

the celestial equator from the Greenwich meridian to the Vernal Equinox.  The local 

hour angle, 0, is the angular displacement between the meridians containing the 

observation site and the point of the celestial sphere, and is measured 

positive westward. 

It can be readily shown by applying the law of cosines to the spherical 

triangle of Figure C-3 that the function relating the geographic and celestial 

coordinates is given by. 

Sin D a Sin E Sin L + Cos E Cos L Cos A (C-l) 

where L is the latitude of the observation sight, and A and E are the azimuth 

and elevation angles of the celestial body as observed at the site, respectively. 

For the special case when A = l80°, this equation simplifies to 

E = -|— + D - L (C-2) 

For A ^ 0° 

B «L± ( -| D) (C-3) 

where the two solutions exist only when the condition, L > (t/2) - D , is 

satisfied. 
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RIO 11 

HOUR CIRCLE   THROUGH 
VERNAL    EQUINOX 

(ARIES) 

NORTH   CELESTIAL   POLE 

,_    HOUR   CIRCLE    THROUGH 
CELESTIAL   BODY 

PLANE    OF 
ECLIPTIC 

B  i CELESTIAL    BODY 

D  - DECLINATION 

RA - RIGHT   ASCENSION 

7- POINT   OF   VERNAL   EQUINOX (ARIES) 

Figure C-l.  Celestial Coordinate System 
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WEST 
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S - SITE ON   EARTH 
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Figure C-2.     Celestial Time  Coordinates 
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/^ZENITH 
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D= DECLINATION 
L: LATITUDE 
E: ELEVATION   ANGLE 

Figure C-3> Astronomical Configuration 
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According to Equation (C-i ), it is seen that the azimuth and elevation 

orientations of a celestial body are only dependent upon the observer's latitude 

and the deciinatior„ Since the declination of a star is relatively constant, 

its orbit as observed from a fixed location on the earth's surface, remains the 

same from day-to-day and is symmetrical about the observer's meridian.  With 

regard to the sun and the moon, however, both orbital paths are not constant 

since'their declj     . are variable functions of time. 

The duration of time that a celestial body will remain above the horizon at 

any latitude can be readily determined.  Referring to Figure O 3j it can be 

shown from spherical trigonometry that, in terms of units of time,the azimuth and 

elevation coordinates can also be expressed by 

Sin E ■ Cos 0 Cos L Cos D + Sin L Sin D (C-4) 

and 

Tan A = ^^  (C-5) 
D Cos L - Sin L Cos 0 

It should be noted that the local hour angle, 0, is expressed in sidereal time 

units and not in solar time.  Since the sidereal day is shorter than the solar 

day, a star will cross an observer's meridian approximately three minutes, 55-91 

seconds earlier every day0 

The time at which a celestial body such as a star crosses a given angular 

position can be determined by utilizing Equations (C-M and (C-5) i'n conjunction 

with 

0 = 3Ö0' + GHA> - FA - A (C-6) 

where X is the longitude of the observer measured positive westward. This 
w 

y 
expression is derivable from Figure C-2.  The parameter, GHA , is listed as a 

function of t      day in the Nautical Almanac. 

With regard to determining the time of passage of the moon or the sun, 

Equation (v-°) is modified to the form 

0 -      * (C-/) 
w 

111 



whore GHA, the Greenwich Hour Angle, is, in essence, the local hour angle. GJus 

angle, which is also tabulated in the Nautical Almanac, is measured positive 

westward from Greenwhich meridian. 
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APPENDIX D 

THE GEOMETRY OF THE MOON 

According to the theory of Fresnei diffraction as pertaining to physical 

optics ,  the radius of the n'th Fresnei zone, BL, is expressed by 

.x««    i-  . (D-l) 

where X is the wavelength of the transmitted monochromatic light and S and P 

are the distances between the diffracting aperture anc e and the 

observing screen_ respectively 

For a source at infinite distance, the dimension of the n'th zone reduces to 

1 1/2 
a - 
n 

n > R (D-2) 

} 

With regard to the concept of specular reflection from a smooth spherical 

surface as applied to the radar problem, the radius of the ncth zone is modified 

to 

D ' R 1/2 • pi j  1 
u    J > 

n ^ 

I 

This relationship implies that the transmitter and receiver are situated at the 

same location and that the target dimensions are large compared to the wave- 

length of the incident radiation, 

A plot of the radius of the Fresnei zones on the surface of the moon at a 

frequency of i+25 megacycles is given in Figure D-l.  The average earth-moon 

separation, R, la assumed to be 305*000 kilometers for this calculation, 

The fractional radius of the moon, K, also depicted in Figure D-l, is defined 

by 

K - (D-M 

where r is the radius of the moon, 
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For an electromagnetic wave incident on the moon, the depth of penetration 

into the moon is given by 

d ■ 
tc 

(D-5) 

I 

where c  is the free space velocity and t is  the  two-way travel time. 

As shown in Figure D-2,  the  radius of the base of the spherical cap,  a  , 

defined by the penetration depth,  is expressible by 

a - rd-d 1/2 (D-6) 

Ehe angle of incidence, 0, with respect to the normal to the lunar surface 

is related to the fractional radius by 

-1 
8 bin (D-7) 

A plot of the angle, 9, as a function of the travel time of the wave, the 

penetration depth and the fractional radius of the moon is given in Figure D-3- 

A photograph of the face of the moon illustrating the functional relationship 

between these various parameters is shown in Figure D-4. 
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Ficure  D-2.     Lunar "ross  Section Geometry 
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APPENDIX E 

AUTOCORRELATION FUBCTIOS AMD POWER DENSITY SPECTRUM 

A statistical or random function of time, y(t), such as random noise 

current, is one in which the value of the function, y(t), does not depend in a 

definite manner on the independent variable time.  The function can best be 

described in terms of a statistical or probability distribution 

The autocorrelation function is a measure of the average correlation 

between two values of the same time series,  It is similar to the correlation 

coefficient, often used in statistical analysis, which is a measure of the 

linearity between two variables. 

Trie autocorrelation function is defined by  ' 

,T/2 
I) ■ Lim ~ J        y(t) y (t + T) dt 

- T/2 

(E-l) 

Foi .a random process which is stationary in time, i.e., the causes of the 

ranlom fluctuations do not change with time so that the process is independent 

of the time of origin, ijf(t) is an even function with respect to T. 

The  autocorrelation function, in normalized form, can also be written as 

♦ (T) ■ — 

y(t) - yltl ■j {t + T )- yTtl 

y(t) - yTT) 

(E-2) 

Some of the properties of the normalized autocorrelation function are namely; 

\|r(o) ' 1;    <KT) £ ^(O  >  and f°r a random phenomenon without 

presence of a steady signal, +(T)—> 0 as T-»°°. 

The power density spectrum, w(f) of the function y(t) is the Fourier transform 

of the autocorrelation function  In other words , 

)(f) e"J ^ 'd-r (E-3) 
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Iß 
and similar] autocorrelation .* "»   Waurier II 

transform of the power density spectrum. !(/\ 

In simpler form,   the  relationship between ]/(i) and u>(f     .an be expressed  i 

terms of Fourier cosine  transform >y 

♦(1)        2 / ) Cos 2*fT df (E-fc] 

and 

w(f)*2     ; \jf(x) Cos  2*fi   i"7 (E- 

o 

With reference to the analysis )f the amplitude versus time function of 

lunar echoes, the resultant signal reflected from the surface of the moon 

undergoes a rapid fluctuation due to libration. Since the lunar libration ra 

changes continuously throughout the orbit, a statistical description of the   'J. 

amplitude record obtained at one particular time, is therefore, only valid for I I 

one portion of the orbit. /// 

Radar data are usually acquired it equally spaced time intervals which are y 

dependent upon the pulse repetition frequency of the transmitted signal The LA 

autocorrelation function for this fc-m of a discrete time series can be oompuv 

by 57 7 
n-rh 

m 
,(,,.   _L_    £    Xl   X 

n-rh *—' 
i   -   o 

where X  ,  X  ■ the  time  scries,  and r " <    I   • -    m where rh < n„     The lag* 
o      i. n 

interval A- = hAt for an  integer h>0 where At '©a  interval between       jfV| 

adjacent values. 

/\ 

V(r) -  AT 

The computation of the power density epe  trum can be reprise;   -1 by 

d 
t(i) (" - +     Mva) Cos  rir fjl 

1-1 '/> 
where V(r ) is the  raw estimate  of  the  tmoo ^ower density at the no ::nal rjM 

fi-equency r/(2 m At) / 

y 
A 

/■'' 
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